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Abstract
Unified theory of gravitational interactions and electromagnetic interac-
tions is discussed in this paper. Based on gauge principle, electromagnetic
interactions and gravitational interactions are formulated in the same manner
and are unified in a semi-direct product group of U(1) Abel gauge group and
gravitational gauge group.
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1 Introduction
It is known that there are four kinds of fundamental interactions in Nature, which
are strong interactions, electromagnetic interactions, weak interactions and gravita-
tional interactions. All these fundamental interactions can be described by gauge
field theories, which can be regarded as the common nature of all these funda-
mental interactions. This provides us the possibilities to unify different kinds of
fundamental interactions in the framework of gauge theory. The first unification of
fundamental interactions in human history is the unification of electric interactions
and magnetic interactions, which is made by Maxwell in 1864. Now, we know that
electromagnetic theory is a U(1) Able gauge theory. In 1921, H.Weyl tried to unify
electromagnetic interactions and gravitational interactions in a theory which has lo-
cal scale invariance[1, 2]. Weyl’s original work is not successful, however in his great
attempt, he introduced one of the most important concept in modern physics: gauge
transformation and gauge symmetry. After the foundation of quantum mechanics,
V.Fock, H.Weyl and W.Pauli found that quantum electrodynamics is a U(1) gauge
invariant theory[3, 4, 5].
Gauge treatment of gravity was suggested immediately after the gauge theory
birth itself[6, 7, 8]. In the traditional gauge treatment of gravity, Lorentz group is
localized, and the gravitational field is not represented by gauge potential[9, 10, 11].
It is represented by metric field. The theory has beautiful mathematical forms, but
up to now, its renormalizability is not proved. In other words, it is conventionally
considered to be non-renormalizable. Recently, some new attempts were proposed to
use Yang-Mills theory to reformulate quantum gravity[12, 13, 14, 15]. In these new
approaches, the importance of gauge fields is emphasized. Some physicists also try
to use gauge potential to represent gravitational field, some suggest that we should
pay more attention on translation group. Recently, Wu proposed a new quantum
gauge theory of gravity which is a renormalizable quantum gravity[16, 17]. Based
on gauge principle, space-time translation group is selected to be the gravitational
gauge group. After localization of gravitational gauge group, the gravitational field
appears as the corresponding gauge potential. In this paper, we use the spirit in-
spired by literature [16, 17] to discuss unification of fundamental interactions which
is based on gravitational gauge theory. Our main goal in this paper is to discuss
unification of gravitational interactions and electromagnetic interactions.
2
2 Lagrangian
It is known that Quantum Electrodynamics(QED) is a U(1) Able gauge field theory.
A general group element of U(1) Able gauge group is denoted as U(x),
U(x) = e−iα(x). (2.1)
A general element of gravitational gauge group is denoted as Uˆǫ[16, 17]
Uˆǫ = E
−iǫµ·Pˆµ. (2.2)
Because
(Pˆµα(x)) 6= 0, (2.3)
U(1) group element U(x) does not commute with gravitational gauge group element
Uˆǫ,
[U(x) , Uˆǫ] 6= 0. (2.4)
It means that all elements g(x)
g(x) = Uˆǫ · U(x) (2.5)
form a semi-direct product group of U(1) Able group and gravitational gauge group.
We denote it as
GU(1)
△
= U(1)⊗s Gravitational Gauge Group = {g(x)}. (2.6)
This semi-direct product group is the symmetry group of the unified theory of grav-
itational interactions and electromagnetic interactions.
As an example, we discuss electromagnetic interactions and gravitational inter-
actions between Dirac field and electromagnetic field or gravitational field. The
traditional lagrangian density for electromagnetic interactions between electromag-
netic field Aµ and Dirac field ψ is given by
−
1
4
ηµρηνσAµνAρσ − ψ¯(γ
µ(∂µ − ieAµ) +m)ψ, (2.7)
where Aµν is the field strength of electromagnetic field, e is the coupling constant
of electromagnetic interactions and m is the mass of Dirac field. After considering
gravitational interactions, Aµν is defined by
Aµν = (DµAν)− (DνAµ). (2.8)
In above relation, Dµ is the gravitational gauge covariant derivative,
Dµ = ∂µ − igCµ(x), (2.9)
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where g is the gravitational coupling constant and Cµ(x) is the gravitational gauge
field which is a vector in gauge group space[16, 17],
Cµ(x) = C
α
µ (x)Pˆα. (2.10)
The explicit expression for Aµν is
Aµν = ∂µAν − ∂νAµ − gC
α
µ∂αAν + gC
α
ν ∂αAµ. (2.11)
However, Aµν is not a U(1) gauge invariant field strength. In order to define U(1)
gauge invariant field strength, we need a matrix G. Define,
G
△
= (Gαµ)
△
= (δαµ − gC
α
µ ). (2.12)
Its inverse matrix is denoted as G−1,
G−1 =
1
I − gC
= (G−1µα ). (2.13)
They satisfy the following relations,
GαµG
−1ν
α = δ
ν
µ, (2.14)
G
−1µ
β G
α
µ = δ
α
β . (2.15)
It can be proved that
Dµ = G
α
µ∂α. (2.16)
The field strength of gravitational gauge field is defined by
Fµν
△
=
1
−ig
[Dµ , Dν ]. (2.17)
Its explicit expression is
Fµν(x) = ∂µCν(x)− ∂νCµ(x)− igCµ(x)Cν(x) + igCν(x)Cµ(x). (2.18)
Fµν is also a vector in gauge group space,
Fµν(x) = F
α
µν(x) · Pˆα, (2.19)
where
F αµν = ∂µC
α
ν − ∂νC
α
µ − gC
β
µ∂βC
α
ν + gC
β
ν ∂βC
α
µ . (2.20)
The U(1) gauge invariant field strength of electromagnetic field is given by the
following relation,
Aµν = Aµν + gG
−1λ
α AλF
α
µν , (2.21)
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where Aµν is defined by eq.(2.8). GU(1) gauge covariant derivative is
Dµ = ∂µ − ieAµ − igCµ. (2.22)
The gravitational gauge covariant and U(1) gauge invariant lagrangian density
L0 is
L0 = −ψ¯(γ
µ
Dµ +m)ψ −
1
4
ηµρηνσAµνAρσ −
1
4
ηµρηνση2αβF
α
µνF
β
ρσ, (2.23)
where ηµν is the Minkowski metric. The selection of η2αβ is not unique[16, 17]. One
selection is to set
η2αβ =


−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 . (2.24)
Another selection is to set
η2αβ = gαβ, (2.25)
where
gαβ
△
= ηµν(G
−1)µα(G
−1)νβ. (2.26)
The first choice gives out minimum model, so we use the first choice in this paper.
The full lagrangian density L is defined by
L = J(C)L0, (2.27)
where J(C) is a special factor to resume gravitational gauge symmetry of the system.
The selection of J(C) is not unique. The simplest and most beautiful choice of J(C)
is [16, 17],
J(C) = eI(C), (2.28)
where
I(C) = gηµ1αC
α
µ . (2.29)
The definition of ηµ1α can be found in Ref.[16, 17]. Another possible definition of
J(C) is
J(C) =
√
−detgαβ , (2.30)
where gαβ is given by eq.(2.26) In this paper, we will use definition eq.(2.28), for
this is the simplest and most beautiful choice which has no poles in it. The action
of the system is
S =
∫
d4xL. (2.31)
5
3 Gauge Symmetry
Now, let’s study the symmetry of the system. First, let’s discuss U(1) gauge sym-
metry of the system. Under local U(1) gauge transformations, the transformations
of various fields are
ψ → ψ′ = e−iαψ, (3.1)
Cµ → C
′
µ = Cµ, (3.2)
Cαµ → C
′α
µ = C
α
µ , (3.3)
Aµ → A
′
µ = Aµ −
1
e
(Dµα(x)), (3.4)
Dµ → D
′
µ = e
−iα
Dµe
iα, (3.5)
Aµν → A
′
µν = Aµν +
g
e
F σµν(∂σα(x)), (3.6)
F αµν → F
′α
µν = F
α
µν , (3.7)
Aµν → A
′
µν = Aµν . (3.8)
From above transformation relations, we could see that gravitational gauge field
keeps unchanged under U(1) Abel gauge transformations, and Aµν is not a U(1)
gauge invariant field strength while Aµν is a U(1) gauge invariant. Under U(1)
gauge transformation, lagrangian density L0 is invariant,
L0 → L
′
0 = L0. (3.9)
Because J(C) is also U(1) gauge invariant, the full lagrangian density L and action
S of the system are also U(1) gauge invariant,
L → L′ = L, (3.10)
S → S ′ = S. (3.11)
Therefore, the system has local U(1) gauge symmetry.
Under gravitational gauge transformations, various fields and operators trans-
form as
ψ → ψ′ = (Uˆǫψ), (3.12)
Cµ → C
′
µ = UˆǫCµUˆ
−1
ǫ −
1
ig
Uˆǫ(∂µUˆ
−1
ǫ ), (3.13)
Gαµ → G
′α
µ = Λ
α
βUˆǫG
β
µUˆ
−1
ǫ , (3.14)
G−1µα → G
′−1µ
α = Λ
β
α UˆǫG
−1µ
β Uˆ
−1
ǫ , (3.15)
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gαβ → g
′
αβ = Λ
α1
α Λ
β1
β UˆǫgαβUˆ
−1
ǫ , (3.16)
Aµ → A
′
µ = UˆǫAµUˆ
−1
ǫ , (3.17)
Dµ → D
′
µ = UˆǫDµUˆ
−1
ǫ , (3.18)
Aµν → A
′
µν = UˆǫAµνUˆ
−1
ǫ , (3.19)
F αµν → F
′α
µν = Λ
α
βUˆǫF
β
µνUˆ
−1
ǫ , (3.20)
Aµν → A
′
µν = UˆǫAµνUˆ
−1
ǫ , (3.21)
J(C)→ J ′(C ′) = J · UˆǫJ(C)Uˆ
−1
ǫ , (3.22)
where J is the Jacobian of the corresponding transformation which is given by
J = det
(
∂(x− ǫ)µ
∂xν
)
. (3.23)
Using all these relations, we can prove that the lagrangian density L0 is gravitational
gauge covariant,
L0 → L
′
0 = UˆǫL0Uˆ
−1
ǫ . (3.24)
Then eq.(3.22), eq.(3.23) and eq.(2.27) give out
L → L′ = J · UˆǫLUˆ
−1
ǫ . (3.25)
Using the following relation,
∫
d4xJ(Uˆǫf(x)) =
∫
d4xf(x), (3.26)
we can prove that the action of the system is gravitational gauge invariant,
S → S ′ = S. (3.27)
Therefore, the system has local gravitational gauge symmetry.
The action defined by eq.(2.31) has both local U(1) gauge symmetry and local
gravitational gauge symmetry. It means that it has local GU(1) gauge symmetry.
The GU(1) gauge transformations of various fields and operators are
ψ → ψ′ = (g(x)ψ), (3.28)
Cµ → C
′
µ = UˆǫCµUˆ
−1
ǫ −
1
ig
Uˆǫ(∂µUˆ
−1
ǫ ), (3.29)
Gαµ → G
′α
µ = Λ
α
β g(x)G
β
µg
−1(x), (3.30)
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G−1µα → G
′−1µ
α = Λ
β
α g(x)G
−1µ
β g
−1(x), (3.31)
Aµ → A
′
µ = g(x)
[
Aµ −
1
e
(Dµα(x))
]
g−1(x), (3.32)
Dµ → D
′
µ = g(x)Dµg
−1(x), (3.33)
Aµν → A
′
µν = g(x)
[
Aµν +
g
e
F σµν(∂σα(x))
]
g−1(x), (3.34)
F αµν → F
′α
µν = Λ
α
β g(x)F
β
µνg
−1(x), (3.35)
Aµν → A
′
µν = g(x)Aµνg
−1(x), (3.36)
J(C)→ J ′(C ′) = J · g(x)J(C)g−1(x), (3.37)
where g(x) is given by eq.(2.5). The action eq.(2.31) is invariant under these trans-
formations.
4 Interactions
Define
A0µν = ∂µAν − ∂νAµ, (4.1)
F α0µν = ∂µC
α
ν − ∂νC
α
µ . (4.2)
Then, we can separate the lagrangian density eq.(2.27) into free lagrangian density
LF and interaction lagrangian density LI ,
L = LF + LI , (4.3)
where,
LF = −
1
4
ηµρηνσA0µνA0ρσ − ψ¯(γ
µ∂µ +m)ψ −
1
4
ηµρηνση2αβF
α
0µνF
β
0ρσ, (4.4)
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LI = −
1
4
ηµρηνσ(
∑
∞
n=1
1
n!
(gηµ11α1C
α1
µ1
)n)A0µνA0ρσ
−(
∑
∞
n=1
1
n!
(gηµ11α1C
α1
µ1
)n)ψ¯(γµ∂µ +m)ψ
−1
4
ηµρηνση2αβ(
∑
∞
n=1
1
n!
(gηµ11α1C
α1
µ1
)n)F α0µνF
β
0ρσ
+ie · eI(C)ψ¯γµψAµ + ge
I(C)ψ¯γµ(∂αψ)C
α
µ
+geI(C)ηµρηνσ(∂µAν − ∂νAµ)C
α
ρ (∂αAσ)
−g
2
eI(C)ηµρηνσAµνG
−1λ
α AλF
α
ρσ
−g
2
4
eI(C)ηµρηνσG−1κα G
−1λ
β AκAλF
α
µνF
β
ρσ
−g
2
2
eI(C)ηµρηνσ(CαµC
β
ρ (∂αAν)(∂βAσ)− C
α
ν C
β
ρ (∂αAµ)(∂βAσ))
+geI(C)ηµρηνση2αβ(∂µC
α
ν − ∂νC
α
µ )C
δ
ρ(∂δC
β
σ )
−1
2
g2eI(C)ηµρηνση2αβ(C
δ
µ∂δC
α
ν − C
δ
ν∂δC
α
µ )C
ǫ
ρ(∂ǫC
β
σ ).
(4.5)
From eq.(4.4), we can write out propagators of gravitational gauge field, electro-
magnetic field and Dirac field. From the interaction lagrangian LI , we can see that
Dirac field, electromagnetic field and gravitational gauge field couple each other.
From eq.(4.5), we can write out Feynman Rules for various interaction vertices
which is useful for calculation of Feynman diagrams.
5 Equations of Motion and Conserved Currents
The Euler-Lagrangian equation of motion of Dirac field is
[
γµ(∂µ − ieAµ − gC
α
µ∂α) +m
]
ψ = 0. (5.1)
The equation of motion of electromagnetic field is
∂µAµν = −ieψ¯γνψ + gη
λρ∂µ(C
µ
λAρν)
−gηκρGµκAρν∂µ(η
λ
1αC
α
λ ) +
g
2
ηµ1ρην1σηνλG
−1λ
α F
α
µ1ν1
Aρσ.
(5.2)
The equation of motion of gravitational gauge field is
∂µ(ηνση2αβF
β
µσ) = −gT
ν
gα, (5.3)
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where T σgβ is the gravitational energy-momentum tensor, whose explicit expression
is
T νgα = ψ¯γ
ν∂αψ − η
µ1ρηνσ(∂αAµ1)Aρσ − η
µ1ρηνση2α1βF
β
ρσ(∂αC
α1
µ1
) + ην1αL0
−ηµ1ρηνση2αβ(∂µ(C
µ
µ1
F βρσ)) + η
µ1ρηνσ∂µ(G
−1λ
α G
µ
µ1
AλAρσ)
+ηµρηνση2αβ(Dµ(η
λ
1α1
Cα1λ ))F
β
ρσ −
g
2
ηµ1ρην1σG−1να1 G
−1λ
α AλAρσF
α1
µ1ν1
−gηµ1ρηνσG−1λα1 AλAρσ(∂αC
α1
µ1
) + gηµρηνσ(Dµ(η
λ1
1α1
Cα1λ1 ))G
−1λ
α AλAρσ.
(5.4)
The global gravitational gauge symmetry gives out inertial energy-momentum
tensor T µiα,
T
µ
iα = e
I(C)[ψ¯γνGµν∂αψ + η
µ1ρηνσGµµ1Aρσ(∂αAν)
+ηµρηνση2βγF
γ
ρσ(∂αC
β
ν )− gη
µ1ρηνση2βγC
µ
µ1
F γρσ(∂αC
β
ν )
+gηµ1ρηνσG−1λβ G
µ
µ1
AλAρσ(∂αC
β
ν ) + δ
µ
αL0].
(5.5)
Compare eq.(5.4) with eq.(5.5), we can easy find that gravitational energy-momentum
tensor is not equivalent to the inertial energy-momentum tensor. But when gravi-
tational gauge field vanishes, they are equivalent. In this case, they are
T
µ
iα = T
µ
gα = ψ¯γ
µ∂αψ + η
µρηνσAρσ(∂αAν) + δ
µ
αL0, (5.6)
which is what we expected in traditional quantum field theory.
If we denote
Jν = iψ¯γνψ −
g
e
ηλρ∂µ(C
µ
λAρν) +
g
e
ηκρGµκAρν∂µ(η
λ
1αC
α
λ )
− g
2e
ηµ1ρην1σηνλG
−1λ
α F
α
µ1ν1
Aρσ.
(5.7)
Then, eq.(5.2) can be changed into
∂µAµν = −eJν . (5.8)
Because,
∂ν∂µAµν = 0, (5.9)
Jν is a conserved current,
∂νJν = 0. (5.10)
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It means that ψ¯γνψ is no longer a conserve current,
∂ν(ψ¯γνψ) 6= 0. (5.11)
Both gravitational field Cαµ and electromagnetic field Aµ contribute some to general-
ized electromagnetic current. In other words, in the unified theory, electromagnetic
field is also a source of itself, which originates from the non-Able nature of the semi-
direct product group GU(1). But if gravitational field vanishes, the electromagnetic
current Jµ will return to
Jν = iψ¯γνψ, (5.12)
which is just the traditional electromagnetic current.
6 Summary
In this paper, gravitational interactions and electromagnetic interactions are unified
in a semi-direct product group. Because generator of U(1) group and generators
of gravitational gauge group have different dimension, that is, generator of U(1)
group are dimensionless while generators of gravitational gauge group have negative
mass dimension, it is hard to unify U(1) gauge interactions and gravitational gauge
interactions in a simple group. Because of the difference of dimensions of gener-
ators, we need at least two independent parameters for coupling constant in any
kind of unified theory. When we unify U(1) gauge interactions and gravitational
gauge interactions in GU(1) group, we only need two independent parameters for
coupling constant, this unified theory can be regarded as a kind of minimal theory of
unification. It is impossible to unify gravitational interactions and electromagnetic
interactions in a simple group in which only one independent coupling constant is
used.
Because U(1) gauge group and gravitational gauge group are unified in a semi-
direct product group, not in a direct product group, field strength of gravitational
gauge field joins into the definition of gauge covariant field strength of U(1) gauge
field. This will cause additional interactions between U(1) gauge fields and gravita-
tional gauge field and affect the definition of generalized electromagnetic current.
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